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Quantum Hall effects
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Quantum Hall effects
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Quantum Hall effects
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Quantum Hall effects
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Quantum Hall effects
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Quantum Hall effects
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Quantum Hall effects

Laughlin (1982)
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Quantum Hall effects

Laughlin (1982)
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Quantum Hall effects
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Disorder effects
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Edge states
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Edge states
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Edge states
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Edge states
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Berry s phase
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Berry s phase
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Berry s phase
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Berry s phase
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Berry s phase
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Berry s phase
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Geometry and Quantum Mechanics
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Trivial band insulator
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Hall conductivity

_
O-xy ~E

y

Perturbation theory: Hy =H —€Ey

Ey)|n)

g =n)+ Y ”"',_,g —

m(#n)

)_|_...




Hall conductivity

_
O,, =
Uk,

/ Perturbation theory: HE ZHO—EEyy \
(m|( — eEy)|n)
W+ ) TR TE, ™t
& m(#n) J
o)y = D S(E )<n|E"f§ )

T

— FIE D—I— Zf Z

m(n)

(1] (— eBy) |m)(m| (evz)|n

(n|(evz)|m)(m|( — eEy)|n)
E,—FE,,

_I_

Er

— Eﬂl

)



Hall conductivity
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Hall conductivity
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Hall conductivity
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Hall conductivity
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Hall conductivity
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Hall conductivity
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Hall conductivity
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Hall conductivity
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How topology changes?

Transition between different topological phases
forexample v=0and 1

The gap closes
at the transition point



Edge states

Two topologically distinct insulators
attached with each other

/ gapped state

The gap closes
at the boundary
= gapless edge modes



Edge states
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Basic idea

QHE up spin

Quantum Hall Effect (QHE) is realized when time-reversal symmetry is broken



Basic idea

Quantum spin Hall effect (QSHE)
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Spin—Orbit Coupling (SOC)
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Spin—Orbit Coupling (SOC)

, Moving electrons feel B —_ vxE
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Insulator (Semiconductor)
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Insulator (Semiconductor)
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Insulator (Semiconductor)
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2D (quantum well)
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2dTI in HeTe/CdTe quantum well
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2dTI in HeTe/CdTe quantum well
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2dTI in HeTe/CdTe quantum well
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in HeTe/CdTe quantum well
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2dTI in HeTe/CdTe quantum well
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2dTI in HeTe/CdTe quantum well
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2dTI in HeTe/CdTe quantum well
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2dTI in HeTe/CdTe quantum well

Weak SOC q Strong SOC +  sp hybridization

s—band

p—band

______

Bernevig, Hughes, Zhang (2006)



2dTI in HeTe/CdTe quantum well

Weak SOC q Strong SOC +  sp hybridization

p—band

Trivial insulator topological insulator



2dTI in HeTe/CdTe quantum well

Topological insulator

Normal insulator

p—band

with boundary




2dTI in HeTe/CdTe quantum well

Topological insulator

Normal insulator

p—band

with boundary




2dTI in HeTe/CdTe quantum well
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2dTI in HeTe/CdTe quantum well

Normal Topological
insulator insulator

weak SOC strong SOC

¢ &

Normal ' ’Topologica
insulator:




2dTI in HeTe/CdTe quantum well

Time—reversal symmetry

Ev = Eq

2—fold degeneracy at k=0 is protected by symmetry

Normal Topological




From 2d to 3d

Moore-Balents, Roy, Fu-Kane-Mele, ...

3d

HgTe QW Bi-Sb, Bi,Se,, Bi,Te,, ...



3d Topological insulator Bi,Se,

Zhang et al. ’09 Bi : 6s26p3 “ . z
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’R—\ Se : 4s?4p?
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3d Topological insulator Bi,Se,
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3d Topological insulator Bi,Se,
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3d Topological insulator Bi,Se,
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3d Topological insulator Bi,Se,
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3d Topological insulator Bi,Se,

- ~~
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3d Topological insulator Bi,Se,

m(k)
0)
AK,
Ak

H(k) =

normal insulator

my, >0

0
m(k)
Ak,
-Ak,

AK,
AK,
—m(k)
0)

Ak
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0
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m(k) =m, + ) ¢,k

topological insulator
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The gap vanishes at this point



3d Topological insulator Bi,Se,

Dirac semimetal

/\></\

weak SOC strong SOC

» M, (Band gap)

normal insulator topological insulator

my,>0 my,<0

my=0
The gap vanishes at this point



3d Topological insulator Bi,Se,

Surface Dirac modes
realized in a slab geometry

m, > 0 (vacuum)

normal insulator topological insulator

my,>0 my,<0

my=0
The gap vanishes at this point



3d Topological insulator Bi,Se,

Surface Dirac modes _
realized in a slab geometry

m, > 0 (vacuum)

Surface modes described by the Dirac Hamiltonian:

H—lhva i—lhvcf i+m(7

" ox * dy

(m=0)



Z, topological insulators

L Z, ={0,1}

even or odd

weak topological insulator
(ordinary insulator)

strong topological insulator
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Z, topological insulators

Z,={0,1}

even or odd

TN

Ishizaka et al. (2011)

Hsieh et al. (2009)

Hsieh et al. (2008)
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Impurity effects

L Hourtace = VF(O'pr' pry) + Vo(r) + o-V(r) J

non-magnetic impurities magnetic impurities

> E -




Impurity effects

o = Vel aBy) + Volr) -

non-magnetic impurities KN, Koshino, Ryu, PRL (2007)

Topologically protected from
Anderson localization
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Impurity effects

Hourtace = VF(O'pr' pry) + Vo(r) + o-V(r) J

magnetic impurities

-




Ideal uniform case

Haurtace = VF(O'pr- pry) + Vo(r) + o-V(r)

\_ )

» E magnetic impurities




Quantum Anomalous Hall Effect

Science 340, 167 (2013)

Experimental Observation of the
Quantum Anomalous Hall Effect
in a Magnetic Topological Insulator

Cui-Zu Chang,>?* Jinsong Zhang,* Xiao Feng,?* Jie Shen,?* Zuocheng Zhang,* Minghua Guo,
Kang Li,> Yunbo Ou,? Pang Wei,? Li-li Wang,? Zhong-Qing Ji,> Yang Feng,* Shuaihua Ji,*

Xi Chen,! Jinfeng Jia,* Xi Dai,? Zhong Fang,? Shou-Cheng Zhang,? Ke He,*t Yayu Wang,*t Li Lu
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Quantum Anomalous Hall Effect

Theory Experiment (2013)
A ————— T

KN, Nagaosa (2011)
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Quantum Anomalous Hall Effect

Theory

KN, Nagaosa (2011)
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Experiment

Checkelsky, Yoshimi, Tsukazaki, et al. (2014)
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Introduction to
Topological Insulators

Kentaro Nomura (IMR, Tohoku)

outline

Quantum Hall effect
» /2 topological insulators
» Electromagnetic responses



Response to ElectroMagnetic
fields

in normal insulators

M= y.B P =y E

(magnetization) (Electric polarization)

B E




Response to ElectroMagnetic
fields

in topological insulators

(magnetic moment) M= o,E (electric field)

(electric polarization) P=oqa,B (magnetic field)

E B




Response to ElectroMagnetic
fields

B=(4r/c)j
3D TI + magnetic impurities
E
N
J
o2
M = 2he E Qi, Hughes, Zhang ‘08

Essin, Moore, Vanderbilt ‘09



Response to ElectroMagnetic
fields

N
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Surface QH states ~

p = Oxy B,
jh = O-xyEHWlel <

j=o0xyEXZ




Response to ElectroMagnetic

flelds, .,
E =—fd3x ° _)2E-B
ME Anth /)
B E
Surface QH states ~
: p = Oxy B,
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Response to ElectroMagnetic
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The Action Principle

, 1
SMaxwell = — f dtd” x (]MA/J T % (B* - Ez))

V-E=4mp

VX B —— = 4rj
or Y



The Action Principle

, 1
SMaxwell = — f dtd” x (]MA/J T % (B* - Ez))

62
Sp,=|dtd>x|——|6E-B
0 f x(Znh)
8S )
§A,

V-E=4mp

V XB 6E_4 ]
or  H



The Action Principle

, 1
SMaxwell = — f dtd” x (]MA/J T % (B* - Ez))

62
Sp,=|dtd>x|——|6E-B
0 f x(Znh)
55_0
§A,

V-E=4mp +0

for constant @

VXB aE—4' 0
at—7q+



Axion term (O term)

, 1
SMaxwell = — f dtd” x (]ﬂAu T % (B* - Ez))
3 ez P Q 19
— eccei, Quinn 1977
Sg = fdtd X (ﬁ) OF - B Wilczek 1987
6 = 0(x,t) > _o
j— x’ - =
6A,



Axion term (O term)

6 =0 0=0

Qi, Hughes, Zhang 2008



Summary

A topological insulator is a material with a finite
bulk gap and gapless excitations at the surface.

Normal Topological
insulator insulator

[
»

N N
/N /N

weak SOC strong SOC

It realizes novel magnetoelectric responese.
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