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χ = {χi}

U(χ) = U({χi})

Langevin	  shape	  dynamics	  

Shape	  family:	  

Poten?al	  energy:	  

Iner?al	  mass	  tensor:	  

Dissipa?on	  tensor:	  

=>	  	  Langevin	  equa3on	  of	  mo3on:	  

dissipa?on	  =>	  fluctua?on	  	  

d

dt

∂L

∂χ̇i

=
∂L

∂χi

−
∂F

∂χ̇i

+ Γi

L(χ, χ̇) ≡ K(χ, χ̇) − U(χ)Lagrangian	  func?on:	  

Kine?c	  energy:	  

Rayleigh	  func?on:	  

γ(χ) = {γij({χk})}

M(χ) = {Mij({χk})}

Driving	  force:	   F pot
i

(χ) = −∂U(χ)/∂χi

K(χ, χ̇) = 1

2

∑

ij

Mij(χ)χ̇iχ̇j

F fric
i (χ) = −

∑

ij

γij(χ)χ̇jFric?on	  force:	  

F(χ, χ̇) = 1

2

∑

ij

γij(χ)χ̇iχ̇j

Q2

45 Q2 ~  Elongation (fission direction) 

35 !g ~  (M1-M2)/(M1+M2) Mass asymmetry

15 "f1 ~  Left fragment deformation

"f1 "f2

15 "f2 ~  Right fragment deformation

15
#

#

#

#

d ~  Neck 

d

Five Essential Fission Shape Coordinates

M1 M2

$  5 315 625 grid points % 306 300 unphysical points
$  5 009 325 physical grid points
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Strongly	  damped	  nuclear	  shape	  dynamics:	  Brownian	  mo3on	  

F
pot

+ F
fric

+ F
ran .

= 0 〈F ran(t)〉 = 0

〈F ran

i (t)F ran

j (t′)〉 = 2Tγijδ(t − t′)

F pot
= −∂U/∂χ

F fric
= −∂F/∂χ̇ = −γ · χ̇

Mobility	  tensor:	  

è	  

Brownian	  mo3on:	  

Smoluchowski	  Equa3on:	  

è	  

dissipa?ve	  
	  	  	  	  	  force	  

driving	  
	  force	  

Dissipa?on	  
is	  strong	  	  

Iner?al	  mass	  	  
is	  unimportant	  

Creeping	  
evolu?on	  =>	   =>	   =>	  

Accelera?on	  and	  
(velocity)2	  are	  small	  

d

dt

∂L

∂χ̇i

=
∂L

∂χi

−
∂F

∂χ̇i

+ Γi

µ(χ) ≡ γ(χ)−1

χ̇ = µ(χ) · [F pot(χ) + F ran(χ)]

Isotropic	  dissipa3on	  tensor	  	  =>	  	  Metropolis	  walk	  on	  the	  U	  laMce	  è	  

Dissipa?on	  
is	  strong	  	  

Large	  degree	  of	  	  
equilibra?on	  =>	   =>	   LiQle	  sensi?vity	  to	  

the	  structure	  of	  γ	

W(x)	  ~	  exp(-‐U(x)/T)	  

U(x) W(x)



JR:	  JAEA	  2013	  

240Pu	  

Metropolis	  walk	  …	  

Start	  at	  	  ground-‐state	  	  
(or	  isomeric)	  minimum	  

Walk	  un3l	  the	  neck	  	  
has	  become	  thin	  

Elonga?on	  

As
ym

m
et
ry
	  

Pup	  	  =	  	  exp(-‐ΔU/T)	  Pdown	  	  =	  	  1	  

?	   ?	  

…	  on	  the	  5D	  poten3al	  energy	  surface:	  
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Family of shapes considered 

Metropolis	  et	  al.	  (1953):	  

W(x)	  ~	  exp(-‐U(x)/T)	  

U(x) W(x)



JR:	  JAEA	  2013	  
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P(Af)	  from	  240Pu*	  and	  236,234U*	  	  

J.	  Randrup	  &	  P.	  Möller,	  PRL	  106	  (2011)	  132503	  

5D	  Metropolis	  walks	  
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Poten3al	  energy:	  	  Macroscopic-‐microscopic	  method	  
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Family of shapes considered 

Emicro(Z, N,χ) = Eshell(Z, N,χ) + Epair(Z, N,χ)

Emacro(Z, N,χ) = − avol(1−κvolI
2)A − asurf(1−κsurfI

2)B1A
2/3 + c1

Z2

A1/3
B3 + . . .

Finite	  range	  
liquid	  drop:	  

Stru3nsky	   BCS	  

E(Z,N,shape)	  	  =	  	  Emacro(Z,N,shape)	  	  +	  	  Emicro(Z,N,shape)	  

Single-‐par3cle	  levels	  	  
in	  the	  effec3ve	  field	  

Shell	  and	  
pairing:	  
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Dependence	  of	  P(Af)	  on	  the	  excita3on	  energy:	  aE	  

The	  level-‐density	  parameter	  a	  	  
depends	  on	  excita3on	  energy	  E*	  

U(χ) = Umacro(χ) + Umicro(χ)

amacro(χ) =
A

8 MeV

Sta?s?cal	  weight	  
of	  the	  shape	  χ:	


Poten?al	  
energy	  U:	  

E
∗(χ) = E − U(χ)

elongation

Utotal

Umacro

E	  

Modifica3on	  factor	  Macroscopic	  
level-‐density	  
parameter	  

FE(χ)

aE(χ) = amacro(χ)

[

1 +
(

1 − e−[E−U(χ)]/Edamp

)

Umicro(χ)

E − U(χ)

]

= amacro(χ)FE(χ)

Ignatyuk,	  Istekov,	  Smirenkin,	  	  
Sov	  J	  Nucl	  Phys	  29	  (1979)	  450:	  

E∗
! Edamp : FE → 1 + Umicro/Edamp

E∗
! Edamp : FE → 1 + Umicro/E∗

→ 1

FE(χ)

WE(χ) ∼ ρE(χ) ∼ exp(2
√

aE(χ)[E − U(χ])
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Dependence	  of	  P(Af)	  on	  the	  excita3on	  energy:	  UE	  

The	  microscopic	  correc3on	  to	  U	  
depends	  on	  excita3on	  energy	  E*	  

U(χ) = Umacro(χ) + Umicro(χ)

amacro(χ) =
A

8 MeV

Sta?s?cal	  weight	  
of	  the	  shape	  χ:	


Poten?al:	  

E
∗(χ) = E − U(χ)

elongation

Utotal

Umacro

E	  

Modifica3on	  factor:	  

UE(χ) ≡ Umacro(χ) + e−[E−U(χ)]/EdampUmicro(χ)Effec3ve	  
poten?al:	  

E
∗

E(χ) ≡ E − UE(χ) = E
∗ +

[

1 − e−E∗/Edamp

]

Umicro(χ) = FE(χ)E∗Effec3ve	  
excita?on:	  

FE(χ) = 1 +
[

1 − e−[E−U(χ)]/Edamp

]

Umicro

E − U(χ)

WE(χ) ∼ ρE(χ) ∼ exp(2
√

amacro(χ)FE(χ) [E − U(χ)])
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How	  to	  do	  Metropolis	  with	  energy	  dependence?	  

aE(χ)

UE(χ)

Dependence	  of	  the	  sta3s3cal	  weight	  on	  the	  excita3on	  energy	  

WE(χ) ∼ ρE(χ) ∼ exp(2
√

amacro(χ)FE(χ) [E − U(χ)])

Effec3ve	  level-‐density	  parameter	  

Effec3ve	  poten3al	  

FE(χ) = 1 +
[

1 − e−[E−U(χ)]/Edamp

]

Umicro

E − U(χ)
Modifica3on	  
factor:	  

E
∗(χ) = E − U(χ) Excita3on	  energy	  

Sta3s3cal	  
weight:	  

δχ ⇒ δ lnWE(χ) =
∂ ln ρE(χ)

∂E∗

E

δE∗

E = −δUE(χ)/Teff(χ)

Teff(χ) ≡

[

E − UE(χ)

amacro(χ)

]
1

2

δχ ⇒ δ lnWE(χ) =
∂ ln ρE(χ)

∂E∗
δE∗ = −δU(χ)/TE(χ)

Change	  in	  true	  poten3al	  

True	  temperature	  

Change	  in	  effec3ve	  poten3al	  

``Effec3ve’’	  temperature:	  

OBS:	   E
∗(χ) != aE(χ) TE(χ)2
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234U(11 MeV)

UE(χ) ≡ Umacro(χ) + e−[E−U(χ)]/EdampUmicro(χ)

ρ(χ) ∼ exp(2
√

(A/8 MeV)[E − UE(χ)])

Effec?ve	  poten?al:	  

Level	  density:	  

Determina3on	  of	  the	  shell	  damping	  energy	  Edamp	  

=>	  	  Edamp=60	  MeV	  

233U(nth,f)	   234U(γ,f)	  
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P(Zf)	  for	  thorium	  isotopes	  at	  E*=11	  MeV	  
Comparison	  with	  data	  from	  K.H.	  Schmidt	  et	  al.	  

(more	  will	  be	  shown	  by	  P.	  Möller)	  
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P(Af)	  for	  neutron-‐deficient	  mercury	  isotopes	  
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P.	  Möller,	  J.	  Randrup,	  and	  A.J.	  Sierk,	  Phys.	  Rev.	  C85	  (2012)	  024306	  

A.N.	  Andreyev	  et	  al.,	  PRL	  105	  (2010)	  252502	  

A.N.	  Andreyev	  et	  al.	  (unpublished)	  

P(Af)	  is	  asymmetric	  
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Summary	  

Nuclear	  fission	  can	  be	  understood	  in	  terms	  of	  Langevin	  shape	  dynamics	  

The	  highly	  dissipa?ve	  nature	  of	  the	  shape	  dynamics	  simplifies	  the	  treatment:	  	  
Accelera?ons	  are	  very	  small	  	  =>	  	  Smoluchowski:	  

	  the	  iner?al	  mass	  tensor	  is	  unimportant	  for	  the	  shape	  evolu?on	  

Large	  degree	  of	  equilibra?on	  	  =>	  	  Metropolis:	  
	  the	  mass	  distribu?on	  is	  rather	  insensi?ve	  to	  the	  dissipa?on	  tensor	  

Useful	  approximate	  fission	  fragment	  yields	  can	  be	  obtained	  from	  
Metropolis	  walks	  on	  energy-‐dependent	  poten?al-‐energy	  surfaces	  

The	  gradual	  erosion	  of	  microscopic	  effects	  with	  excita?on	  
can	  be	  included	  by	  energy-‐dependent	  poten?al	  surfaces	  UE(χ)	  

d

dt

∂L

∂χ̇i

=
∂L

∂χi

−
∂F

∂χ̇i

+ Γi
F(χ, χ̇) = 1

2

∑

ij

γij(χ)χ̇iχ̇j

L(χ, χ̇) = 1

2

∑

ij

Mij(χ)χ̇iχ̇j − U(χ)

Talk	  by	  Peter	  Möller	  

χ:	  

Edamp:	  adjusted	  


