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Variational principle for free energy

Lemma I
When 𝐴 and 𝐵 are Hermitian operators and 𝑓 (𝑥) is a concave real-valued function,

Tr[ 𝑓 (𝐵) − 𝑓 (𝐴) − (𝐵 − 𝐴) 𝑓 ′(𝐴)] ≥ 0. (1)

Proof

When 𝑎𝑛 and |𝑎𝑛⟩ are eigenvalues and eigenstates of 𝐴, 𝑏𝑛 and |𝑏𝑛⟩ are eigenvalues
and eigenstates of 𝐵 and these eigenstates are normalized,

Tr[ 𝑓 (𝐵) − 𝑓 (𝐴) − (𝐵 − 𝐴) 𝑓 ′(𝐴)]
=
∑
𝑛

⟨𝑎𝑛 | 𝑓 (𝐵) − 𝑓 (𝑎𝑛) − (𝐵 − 𝑎𝑛) 𝑓 ′(𝑎𝑛) |𝑎𝑛⟩

=
∑
𝑛,𝑚

⟨𝑎𝑛 | 𝑓 (𝐵) − 𝑓 (𝑎𝑛) − (𝐵 − 𝑎𝑛) 𝑓 ′(𝑎𝑛) |𝑏𝑚⟩⟨𝑏𝑚 |𝑎𝑛⟩

=
∑
𝑛,𝑚

|⟨𝑎𝑛 |𝑏𝑚⟩|2 [ 𝑓 (𝑏𝑚) − 𝑓 (𝑎𝑛) − (𝑏𝑚 − 𝑎𝑛) 𝑓 ′(𝑎𝑛)] .

By assumption, 𝑓 (𝑏𝑚) − 𝑓 (𝑎𝑛) − (𝑏𝑚 − 𝑎𝑛) 𝑓 ′(𝑎𝑛) ≥ 0 (see the figure below) and
(1) holds.
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Lemma II
When all the eigenvalues 𝑎𝑛 and 𝑏𝑛 of Hermitian operators 𝐴 and 𝐵 satisfy 𝑎𝑛 > 0,
𝑏𝑛 ≥ 0 and Tr𝐴 = Tr𝐵,

Tr𝐵[ln 𝐵 − ln 𝐴] ≥ 0. (2)

proof

When 𝑓 (𝑥) = 𝑥 ln 𝑥, 𝑓 ′(𝑥) = ln 𝑥 + 1 and 𝑓 ′′(𝑥) = 1/𝑥. Thus, 𝑓 (𝑥) is a convex
function for 𝑥 > 0. Then, we substitute 𝑓 (𝑥) = 𝑥 ln 𝑥 into (1):

Tr[𝐵 ln 𝐵 − 𝐴 ln 𝐴 − (𝐵 − 𝐴) (ln 𝐴 + 1)]
= Tr[𝐵 ln 𝐵 − 𝐵 ln 𝐴 − (𝐵 − 𝐴)]
= Tr[𝐵 ln 𝐵 − 𝐵 ln 𝐴]
= Tr𝐵[ln 𝐵 − ln 𝐴] ≥ 0.

Bogoliubov-Feynman inequality
We consider

𝐴 =
𝑒−𝛽𝐻

Tr 𝑒−𝛽𝐻
=
𝑒−𝛽𝐻

𝑒−𝛽𝐹
= 𝑒𝛽(𝐹−𝐻) ,

𝐵 =
𝑒−𝛽𝐻0

Tr 𝑒−𝛽𝐻0
=
𝑒−𝛽𝐻0

𝑒−𝛽𝐹0
= 𝑒𝛽(𝐹0−𝐻0) ,

and definite Tr𝐵[· · · ] = 𝑒𝛽𝐹0 Tr 𝑒−𝛽𝐻0 [· · · ] = ⟨· · · ⟩0. Then, (2) becomes

⟨ln 𝐵 − ln 𝐴⟩0
= 𝛽⟨(𝐹0 − 𝐻0) − (𝐹 − 𝐻)⟩0
= 𝛽(𝐹0 − 𝐹 + ⟨𝐻 − 𝐻0⟩0) ≥ 0.

Thus,
𝐹0 + ⟨𝐻 − 𝐻0⟩0 ≥ 𝐹. (3)

If we choose a mean-field Hamiltonian 𝐻0 that satisfies ⟨𝐻⟩0 = ⟨𝐻0⟩0, we obtain
𝐹0 ≥ 𝐹. In this way, a mean-field theory can be constructed as a variational theory
of free energy.
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Peierls inequality
We consider a normalized orthogonal basis {|𝑛⟩} and

𝐻0 =
∑
𝑛

|𝑛⟩⟨𝑛|𝐻 |𝑛⟩⟨𝑛| ≡
∑
𝑛

�̄�𝑛 |𝑛⟩⟨𝑛|.

For any operator 𝐴,

⟨𝐴⟩0 = 𝑒𝛽𝐹0 Tr 𝑒−𝛽𝐻0𝐴 = 𝑒𝛽𝐹0
∑
𝑛

𝑒−𝛽�̄�𝑛 ⟨𝑛|𝐴|𝑛⟩.

Since ⟨𝑛|𝐻0 |𝑛⟩ = ⟨𝑛|𝐻 |𝑛⟩, ⟨𝐻0⟩0 = ⟨𝐻⟩0. Then, from (3),

𝐹0 = −𝑘B𝑇 ln Tr𝑒−𝛽𝐻0 = −𝑘B𝑇 ln
∑
𝑛

𝑒−𝛽�̄�𝑛 ≥ 𝐹.
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